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GENERIC TWISTED T -ADIC EXPONENTIAL SUMS OF
BINOMIALS
CHUNLEI LIU AND CHUANZE NIU
Abstract. The twisted T -adic exponential sum associated to xd + λx
is studied. If λ 6= 0, then an explicit arithmetic polygon is proved to be
the Newton polygon of the twisted C-function of the T-adic exponential
sum. It gives the Newton polygons of the L-functions of twisted p-power
order exponential sums.
1. Introduction to twisted exponential sums
LetW be a Witt ring scheme of Witt vectors, Fq the field of characteristic
p with q elements, Zq =W (Fq), and Qq = Zq[
1
p ].
Let △ ) {0} be an integral convex polytope in Rn, and I the set of
vertices of △ different from the origin. Let
f(x) =
∑
v∈△
(avx
v, 0, 0, · · · ) ∈W (Fq[x
±1
1 , · · · , x
±1
n ]) with
∏
v∈I
av 6= 0,
where xv = xv11 · · · x
vn
n if v = (v1, · · · , vn) ∈ Z
n.
Let T be a variable. Let µq−1 be the group of q−1-th roots of unity in Zq
and χ = ω−u with u ∈ Zn/(q − 1) a fixed multiplicative character of (F×q )
n
into µq−1, where ω : x→ xˆ is the Teichmu¨ller character.
Definition 1.1. The sum
Sf,u(k, T ) =
∑
x∈F×
qk
χ(NormF
qk
/Fq(x))(1 + T )
TrQ
qk
/Qp(fˆ(xˆ)) ∈ Zq[[T ]]
is called a twisted T -adic exponential sum. And the function
Lf,u(s, T ) = exp(
∞∑
k=1
Sf,u(k, T )
sk
k
) ∈ 1 + sZq[[T ]][[s]]
is called an L-function of a twisted T-adic exponential sum.
Definition 1.2. The function
Cf,u(s, T ) = exp(
∞∑
k=1
−(qk − 1)−1Sf,u(k, T )
sk
k
),
is called a C-function of a twisted T -adic exponential sums.
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The L-function and C-function determine each other :
Lf,u(s, T ) =
n∏
i=0
Cf,u(q
is, T )(−1)
n−i+1(ni),
and
Cf,u(s, T ) =
∞∏
j=0
Lf,u(q
js, T )
(−1)n−1(n−j+1j ).
By the last identity, one sees that
Cf,u(s, T ) ∈ 1 + sZq[[T ]][[s]].
The T -adic exponential sums were first introduced by Liu-Wan [9]. We
view Lf,u(s, T ) and Cf,u(s, T ) as power series in the single variable s with
coefficients in the T -adic complete field Qq((T )). The C-function Cf,u(s, T )
was shown to be T -adic entire in s by Liu-Wan [9] for u = 0 and Liu [6] for
all u.
Let ζpm be a primitive p
m-th root of unity, and πm = ζpm − 1. Then
Lf,u(s, πm) is the L-function of the p-power order exponential sums Sf,u(k, πm)
studied by Adolphson-Sperber [1–4] for m = 1, by Liu-Wei [8] and Liu [6]
for m ≥ 1.
Let C(△) be the cone generated by △. There is a degree function deg
on C(△) which is R≥0-linear and takes values 1 on each co-dimension 1
face not containing 0. For a 6∈ C(△), we define deg(a) = +∞. Write
Cu(△) = C(△) ∩ (u + (q − 1)Z
n) and Mu(∆) =
1
q−1Cu(△). Let b be the
least positive integer such that pbu ≡ u( mod q − 1). Order elements of⋃b−1
i=0 Mpiu(∆) so that deg(x1) ≤ deg(x2) ≤ · · · .
Definition 1.3. The infinite u-twisted Hodge polygon H∞∆,u of ∆ is the con-
vex function on [0,+∞] with initial point 0 which is linear between consec-
utive integers and whose slopes are
deg(xbi+1) + deg(xbi+2) + · · · + deg(xb(i+1))
b
, i = 0, 1, · · · .
Write NP for the short of Newton polygon. Liu [7] proved the following
Hodge bound for the C-function Cf,u(s, T ).
Theorem 1.4. We have
T − adic NP of Cf,u(s, T ) ≥ ordp(q)(p − 1)H
∞
∆,u.
In the rest of this paper, f(x) = (xd, 0, 0, · · · ) + (λx, 0, 0, · · · ) ∈W (Fq[x])
where λ ∈ F×q and ∆ = [0, d]. We fix 0 ≤ u ≤ q − 1. We shall study the
twisted exponential sum of f(x).
Let a = logp q. Write u = u0 + u1p+ · · ·+ ua−1p
a−1 with 0 ≤ ui ≤ p− 1.
Then we have
u
q − 1
= −(u0 + u1p+ · · · ), ui = ub+i.
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Write piu = qi(q − 1) + si for i ∈ N with 0 ≤ si < q − 1, then sa−l =
ul + ul+1p+ · · ·+ ua+l−1p
a−1 for 0 ≤ l ≤ a− 1 and si = sb+i.
Lemma 1.5. The infinite u-twisted Hodge polygon H∞[0,d],u is the convex
function on [0,+∞] with initial point 0 which is linear between consecutive
integers and whose slopes are
u0 + u1 + · · · + ub−1
bd(p − 1)
+
l
d
, l = 0, 1, · · · .
Proof. Observe that siq−1 + l with 0 ≤ i ≤ b − 1 is just a permutation of
xbl+1, xbl+2, · · · , xb(l+1). The lemma follows. 
Definition 1.6. The arithmetic polygon P{1,d},u is the convex function on
N which is linear between consecutive integers with initial point 0 and whose
slopes are
ω(n) =
(p− 1)n+ 1b
b−1∑
i=0
ui
d
+ (d− 1)
1
b
b−1∑
i=0
({
pn+ ui
d
} − {
n
d
}),
where {·} is the fractional part of a real number.
The main results of this paper are the following.
Theorem 1.7. We have
P{1,d},u ≥ (p− 1)H
∞
[0,d],u.
Moreover, they coincide at the point d.
Theorem 1.8. Let f(x) = (xd, 0, 0, · · · ) + (λx, 0, 0, · · · ), p > 2(d− 1)2 + 1.
Then
T − adic NP of Cf,u(s, T ) = ordp(q)P{1,d},u.
Theorem 1.9. Let f(x) = (xd, 0, 0, · · · ) + (λx, 0, 0, · · · ), p > 2(d− 1)2 + 1,
and m ≥ 1. Then
πm − adic NP of Cf,u(s, πm) = ordp(q)P{1,d},u.
Theorem 1.10. Let f(x) = (xd, 0, 0, · · · )+ (λx, 0, 0, · · · ), p > 2(d− 1)2+1,
and m ≥ 1. Then
πm − adic NP of Lf,u(s, πm) = ordp(q)P{1,d},u on [0, p
m−1d].
The q-adic Newton polygon of Lf,0(s, πm) with m = 1 was considered by
Roger Yang [11] and Zhu [15]. In the first paper, the author got all slopes
of the Newton polygon for p ≡ −1( mod d) and the first slope for all p. In
Zhu’s paper, she pointed that if λ 6= 0, the Newton polygon are all generic,
and the Newton polygon goes to Hodge as p goes to infinity, hence proved
Wan’s conjecture [14] for this certain case. S. Sperber [13] also studied the
Newton polygon of Lf,0(s, πm) when f is of degree 3 and m = 1.
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2. Twisted T-adic Dwork’s trace formula
In this section we review the twisted T -adic analogy of Dwork’s theory
on exponential sums.
Let E(x) = exp(
∞∑
i=0
xp
i
pi
) =
∞∑
n=0
λnx
n be the Artin-Hasse series. Define a
new T-adic uniformizer π of the T -adic local ring Qp[[T ]] by the formula
E(π) = 1 + T.
Recall Cu = Cu([0, d]) = {v ∈ N|v ≡ u( mod q − 1)}. Write
Lu = {
∑
v∈Cu
bvπ
v
d(q−1)x
v
q−1 : bv ∈ Zq[[π
1
d(q−1) ]]}
and
Bu = {
∑
v∈Cu
bvπ
v
d(q−1)x
v
q−1 : bv ∈ Zq[[π
1
d(q−1) ]]; ordpibv →∞, v →∞}.
Define ψp : Lu → Lp−1u by ψp(
∑
v∈Cu
bvx
v) =
∑
v∈Cp−1u
bpvx
v. Then the map
ψp ◦Ef sends Lu to Bp−1u, where Ef (x) = E(πx
d)E(πλx) =
∞∑
n=0
γnx
n.
The Galois group Gal(Qq/Qp) can act on Bu by fixing π
1
d(q−1) and x.
Let σ ∈ Gal(Qq/Qp) be the Frobenius element such that σ(ζ) = ζ
p if ζ is
a (q − 1)-th root of unity. The operator Ψ = σ−1 ◦ ψp ◦ Ef (x) sends Bu
to Bp−1u, hence Ψ operators on B =
b−1⊕
i=0
Bpiu. We call it Dwork’s T -adic
semi-linear operator because it is semi-linear over Zq[[π
1
d(q−1) ]].
We have Ψa = ψap ◦
∏a−1
i=0 E
σi
f (x
pi). It follows that Ψa operates on Bu
and is linear over Zp[[π
1
d(q−1) ]]. Moreover, one can show that Ψ is completely
continuous in sense of Serre [12], so det(1−Ψas|Bu/Zq[[π
1
d(q−1) ]]) and det(1−
Ψs|B/Zp[[π
1
d(q−1) ]]) are well defined.
Now we state the twisted T -adic Dwork’s trace formula [6].
Theorem 2.1. We have
Cf,u(s, T ) = det(1−Ψ
as|Bu/Zq[[π
1
d(q−1) ]]).
3. The twisted Dwork semi-linear operator
In this section, we study the twisted Dwork semi-linear operator Ψ.
Recall that Ψ = σ−1 ◦ψp ◦Ef , Ef (x) = E(πx
d)E(πλx) =
∞∑
n=0
γnx
n, where
γn =
∑
di+j=n;i,j≥0
πi+jλiλj λˆ
j .
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We see B =
⊕b
i=1Bpiu has a basis represented by {x
si
q−1
+j
}1≤i≤b, j∈N over
Zq[[π
1
d(q−1) ]]. We have
Ψ(x
si
q−1
+j
) = σ−1 ◦ ψp(
∞∑
l=0
γlx
si
q−1
+j+l
) =
∞∑
l=0
γσ
−1
pl+ub−i−j
x
l+
si−1
q−1 .
For 1 ≤ k, i ≤ b and l, j ∈ N, define
γ( sk
q−1
+l,
si
q−1
+j) =
{
γpl+ub−i−j, k = i− 1;
0, otherwise.
Let ξ1, · · · , ξa be a normal basis of Qq over Qp and write
ξσ
−1
v γ
σ−1
(
sk
q−1
+l,
si
q−1
+j)
=
a∑
w=1
γ(w, sk
q−1
+l)(v,
si
q−1
+j)ξw.
It is easy to see γ(w, sk
q−1
+l)(v,
si
q−1
+j) = 0 for any w and v if k 6= i − 1. Define
the i-th submatrix by
Γ(i) = (γ
(w,
si−1
q−1
+l)(v,
si
q−1
+j)
)1≤w,v≤a;l,j∈N,
then the matrix of the operator Ψ on B over Zp[[π
1
d(q−1) ]] with respect to
the basis {ξvx
si
q−1
+j}1≤i≤b,1≤v≤a;j∈N is
Γ =


0 Γ(1) 0 · · · 0
0 0 Γ(2) · · · 0
...
...
...
...
...
0 0 0 · · · Γ(b−1)
Γ(b) 0 0 · · · 0


.
Hence by a result of Li and Zhu [5], we have
det(1−Ψs|B/Zp[[π
1
d(q−1) ]]) = det(1− Γs) =
∞∑
n=0
(−1)bnCbns
bn,
with Cn =
∑
det(A) where A runs over all principle n× n submatrix of Γ.
For every principle submatrix A of Γ, write A(i) = A ∩ Γ(i) as the sub-
matrix of Γ(i). For a principle bn× bn submatrix A of Γ, by linear algebra,
if one of A(i) is not n× n submatrix of Γ(i) then at least one row or column
of A are 0 since A is principle.
Let An be the set of all bn× bn principle submatrix A of Γ with A
(i) all
n× n submatrix of Γ(i) for each 1 ≤ i ≤ b. Then we have
Cbn =
∑
A∈An
det(A) =
∑
A∈An
(−1)n
2(b−1)
b∏
i=1
det(A(i)).
Let O(πα) denotes any element of π-adic order ≥ α.
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Lemma 3.1. We have
γn = π
[n
d
]+d{n
d
}λ[n
d
]λd{n
d
}λˆ
d{n
d
} +O(π[
n
d
]+d{n
d
}+1).
Proof. This follows from the fact that i+ j ≥ [nd ] + d{
n
d } if di+ j = n. 
Corollary 3.2. For any 1 ≤ i ≤ b and 1 ≤ w, u ≤ a, we have
γ
(w,
si−1
q−1
+l)(v,
si
q−1
+j)
= O(π[
pl+ub−i−j
d
]+d{
pl+ub−i−j
d
}).
Proof. By
ξσ
−1
v γ
σ−1
(
si−1
q−1
+l,
si
q−1
+j)
= ξσ
−1
v γ
σ−1
pl−j+ub−i
=
a∑
w=1
γ
(w,
si−1
q−1
+l)(v,
si
q−1
+j)
ξw,
this follows from last lemma. 
Theorem 3.3. Let Ri be a finite subset of {1, 2, · · · , a} × (
si
q−1 + N) of
cardinality an for each 1 ≤ i ≤ b, τ a permutation of
⋃b
i=1Ri. If p >
2(d− 1)2 + 1, then
b∑
i=1
∑
l∈Ri
([
pφi(l) + ub−i − φi(τ(l))(τ(l))
d
] + d{
pφi(l) + ub−i − φi(τ(l))(τ(l))
d
})
≥ abP{1,d},u(n) +
b∑
i=1
♯{l ∈ Ri|φi(l) > n− 1},
where i(l) = i if l ∈ Ri and φi is the projection {1, 2, · · · , a}×(
si
q−1+N)→ N
such that
φi((·,
si
q − 1
+ l)) = l.
Proof. We have
b∑
i=1
∑
l∈Ri
([
pφi(l) + ub−i − φi(τ(l))(τ(l))
d
] + d{
pφi(l) + ub−i − φi(τ(l))(τ(l))
d
})
=
b∑
i=1
∑
l∈Ri
(p− 1)φi(l) + ub−i
d
+ (d− 1)
b∑
i=1
∑
l∈Ri
({
pφi(l) + ub−i
d
} − {
φi(l)
d
})
+(d− 1)
b∑
i=1
∑
l∈Ri
1
{
pφi(l)+ub−i
d
}<{
φi(τ(l))(τ(l))
d
}
.
Observe that ♯{l ∈ Ri|φi(l) > n− 1} = ♯{l 6∈ Ri|φi(l) ≤ n− 1}, we have∑
l∈Ri
(p− 1)φi(l) + ub−i
d
= (
∑
l∈φ−1i (An)
+
∑
l∈Ri,φi(l)>n−1
+
∑
φi(l)≤n−1,l 6∈Ri
)
(p − 1)φi(l) + ub−i
d
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≥ a
n−1∑
l=0
(p− 1)l + ub−i
d
+
p− 1
d
♯{l ∈ Ri|φi(l) > n− 1}.
Similarly, dividing the sum into three disjoint parts as above, we have∑
l∈Ri
{
pφi(l) + ub−i
d
} − {
φi(l)
d
}
≥ a
n−1∑
l=0
({
pl + ub−i
d
} − {
l
d
})−
2(d− 1)2
d
♯{l ∈ Ri|φi(l) > n− 1}.
The theorem follows from p > 2(d− 1)2 + 1. 
Theorem 3.4. If p > 2(d− 1)2 + 1, then we have
ordpi(Cabn) ≥ abP{1,d},u(n).
In particular,
Cabn = ±Norm(
b∏
i=1
det((γpl−j+ub−i)l,j∈An)) +O(π
abP{1,d},u(n)+
1
d(q−1) ),
where Norm is the norm map from Qq(π
1
d(q−1) ) to Qp(π
1
d(q−1) ).
Proof. Let A ∈ Aan, Ri the set of rows of A
(i) as the submatrix of Γ(i), τ a
permutation of
⋃
iRi. By the above corollary and Theorem 3.3, we have
ordpi(Cabn) ≥
b∑
i=1
∑
l∈Ri
⌈
pφi(l) + ub−i − φi(τ(l))(τ(l))
d
⌉ ≥ abP{1,d},u(n).
Moreover the strict inequality holds if there exist 1 ≤ i ≤ b such that
Ri 6= φ
−1
i (An), hence
Cabn =
b∏
i=1
det(γ
(w,
si−1
q−1
+l)(v,
si
q−1
+j)
)1≤w,v≤a;l,j∈An +O(π
abP{1,d},u(n)+
1
d(q−1) ).
Therefore the theorem follows from the following. 
Lemma 3.5. For finite subset A ⊂ N, we have
det((γ
(w,
si−1
q−1
+l)(v,
si
q−1
+j)
)1≤w,v≤a;l,j∈A) = ±Norm(det(γ( si−1
q−1
+l,
si
q−1
+j)
)l,j∈A)),
where Norm is the norm map from Qq(π
1
d(q−1) ) to Qp(π
1
d(q−1) ).
Proof. Let V = ⊕j∈AQq(π
1
d(q−1) )ej be a vector space over Qq(π
1
d(q−1) ), and
let F be the linear operator on V whose matrix with respect to the basis
{ej} is (γ( si−1
q−1
+l,
si
q−1
+j)
)l,j∈A, and let σ act on V coordinate-wise. It is easy
to see that (γ
(w,
si−1
q−1
+l)(v,
si
q−1
+j)
)1≤w,v≤a;l,j∈A is the matrix of σ
−1 ◦ F over
Qp(π
1
d(q−1) ) with respect to the basis {ξuej}1≤u≤a;l∈A. Therefore
det((γ
(w,
si−1
q−1
+l)(v,
si
q−1
+j)
)1≤w,v≤a;l,j∈A) = det(σ
−1 ◦ F )
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= ± det(F | Qp(π
1
d(q−1) )) = ±Norm(det(F )).
The lemma is proved. 
4. Hasse polynomial
In this section, 1 ≤ n ≤ d− 1. We shall study det((γpl−j+ub−i)0≤l,j≤n−1)).
Definition 4.1. For any 1 ≤ n ≤ d− 1 and 1 ≤ i ≤ b, we define
Sn,i = {τ ∈ Sn|τ(l) ≤ d{
pl + ub−i
d
}},
H(i)n,u(y) =
∑
τ∈Sn,i
sgn(τ)
n−1∏
l=0
λ
[
pl+ub−i−τ(l)
d
]
λ
d{
pl+ub−i−τ(l)
d
}
yd{
pl+ub−i−τ(l)
d
}.
The u-twisted Hasse polynomial Hn,u(y) of {1, d} at n is defined by
Hn,u(y) =
b∏
i=1
H(i)n,u(y)( mod p).
The u-twisted Hasse polynomial Hu(y) of {1, d} is defined by Hu =
d−1∏
n=1
Hn,u.
Lemma 4.2. We have
H(i)n,u(y) = y
n−1P
l=0
(d{
pl+ub−i
d
}−l) ∑
τ∈Sn,i
sgn(τ)
n−1∏
l=0
λ
[
pl+ub−i
d
]
λ
d{
pl+ub−i
d
}−τ(l)
.
Proof. The lemma follows from
n−1∑
l=0
d{
pl + ub−i − τ(l)
d
} =
n−1∑
l=0
(d{
pl + ub−i
d
} − l),
for any τ ∈ Sn,i. 
Theorem 4.3. For 1 ≤ n ≤ d− 1 and p > 2(d− 1)2 + 1, we have
Cabn = ±Norm(Hn,u(λˆ))π
abP{1,d},u(n) +O(π
abP{1,d},u(n)+
1
d(q−1) ).
Proof. We have
det(γpl−j+ub−i)0≤l,j≤n−1 =
∑
τ∈Sn
sgn(τ)
n−1∏
l=0
γpl−τ(l)+ub−i .
For any τ ∈ Sn, we have
n−1∑
l=0
ordpiγpl+ub−i−τ(l) ≥
n−1∑
l=0
pl + ub−i − τ(l)
d
+ (d− 1){
pl + ub−i − τ(l)
d
}
≥
n−1∑
l=0
(p− 1)l + ub−i
d
+ (d− 1)
n−1∑
l=0
({
pl + ub−i
d
} − {
l
d
}+ 1
τ(l)>d{
pl+ub−i
d
}
)
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≥
n−1∑
l=0
(p − 1)l + ub−i
d
+ (d− 1)
n−1∑
l=0
({
pl + ub−i
d
} − {
l
d
}),
with the equalities holding if and only if τ ∈ Sn,i. The lemma follows. 
Theorem 4.4. The Hasse polynomial Hu is nonzero.
Proof. By Lemma 4.2, we see H
(i)
n,u is a monomial, so is Hu. It suffices to
show for any 1 ≤ i ≤ b and 1 ≤ n ≤ d, the coefficients of H
(i)
n,u
f (i)n,p =
∑
τ∈Sn,i
sgn(τ)
n−1∏
l=0
λ
[
pl+ub−i
d
]
λ
d{
pl+ub−i
d
}−τ(l)
∈ Z×p .
Write un,i =
∏n−1
l=0 [
pl+ub−i
d ]!(d{
pl+ub−i
d })! ∈ Z
×
p and αl = d{
pl+ub−i
d }, it suf-
fices to show un,if
(i)
n,p ∈ Z×p .
un,if
(i)
n,p =
∑
τ∈Sn,i
sgn(τ)
n−1∏
l=0
αl(αl − 1) · · · (αl − τ(l) + 1)
=
∑
τ∈Sn
sgn(τ)
n−1∏
l=0
αl(αl − 1) · · · (αl − τ(l) + 1) = detM,
where
M =


1 α0 α0(α0 − 1) · · · α0 · · · (α0 − n+ 2)
1 α1 α1(α1 − 1) · · · α1 · · · (α1 − n+ 2)
...
...
...
...
...
1 αn−1 αn−1(αn−1 − 1) · · · αn−1 · · · (αn−1 − n+ 2)

 .
It is easy to see that M is equivalent to a Vandermonde matrix. So
un,if
(i)
n,p = detM =
∏
0≤l<j≤n−1
(αl − αj) ∈ Z
×
p ,
the theorem is proved. 
Theorem 4.5. For 1 ≤ n ≤ d− 1 and p > 2(d− 1)2 + 1, we have
ordpi(Cabn) = abP{1,d},u(n).
Proof. The theorem follows from the last two theorems and Lemma 4.2. 
5. Proof of the main theorems
In this section we prove the main theorems of this paper.
Firstly we prove Theorem 1.7, which says that
P{1,d},u ≥ (p− 1)H
∞
[0,d],u
with equality holding at the point d.
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Proof of Theorem 1.7. It need only to show this for n ≤ d. The inequality
follows from the following
n−1∑
l=0
{
pl + ui
d
} ≥
n−1∑
l=0
{
l
d
}.
Moreover, the equality above holds if n = d, the theorem follows. 
Lemma 5.1. The T -adic Newton polygon of det(1 − Ψasa|B/Zq[[π
1
d(q−1) ]])
coincides with that of det(1−Ψs|B/Zp[[π
1
d(q−1) ]])
Proof. The lemma follows from the following:∏
ζa=1
det(1−Ψζs|B/Zp[[π
1
d(q−1) ]]) = det(1−Ψasa|B/Zp[[π
1
d(q−1) ]])
= Norm(det(1 −Ψasa|B/Zq[[π
1
d(q−1) ]])),
where Norm is the norm map from Qq[[π
1
d(q−1) ]] to Qp[[π
1
d(q−1) ]]. 
Lemma 5.2. The T-adic Newton polygon of Cf,u(s, T )
b coincides with that
of det(1−Ψas|B/Zq[[π
1
d(q−1) ]]).
Proof. Let Gal(Qq/Qp) act on Zq[[T ]][[s]] by fixing s and T, then we have
Cpu,f (s, T ) = Cf,u(s, T )
σ.
Therefore the lemma follows from the following
b−1∏
i=0
Cf,u(s, T )
σi =
b−1∏
i=0
Cpiu,f (s, T )
=
b−1∏
i=0
det(1−Ψas|Bpiu/Zq[[π
1
d(q−1) ]]) = det(1−Ψas|B/Zq[[π
1
d(q−1) ]]).

Theorem 5.3. The T -adic Newton polygon of Cf,u(s, T ) is the lower convex
closure of the points
(n,
1
b
ordT (Cabn)), n = 0, 1, · · · .
Proof. By Lemma 5.1, we see the T-adic Newton polygon of the power series
det(1−Ψasa|B/Zq[[π
1
d(q−1) ]]) is the lower convex closure of the points
(n, ordTCn), n = 0, 1, · · · .
It is clear that (n, ordT (cn)) is not a vertex of that polygon if a ∤ n. So that
Newton polygon is the lower convex closure of the points
(an, ordT (can)), n = 0, 1, · · · .
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Hence the T-adic Newton polygon of det(1 − Ψas|B/Zq[[π
1
d(q−1) ]]) is the
convex closure of the points
(n, ordTCan), n = 0, 1, · · · .
By Lemma 5.2, the T-adic Newton polygon of Cf,u(s, T )
b is the lower convex
closure of the points
(n, ordTCan), n = 0, 1, · · · ,
hence the closure of the points
(bn, ordTCabn), n = 0, 1, · · · .
It follows that the T -adic Newton polygon of Cf,u(s, T ) is the convex closure
of the points
(n,
1
b
ordT (Cabn)), n = 0, 1, · · · .
The theorem is proved. 
Lemma 5.4. Let f(x) = (xd, 0, 0, · · · ) + (λx, 0, 0, · · · ), p > 2(d − 1)2 + 1.
Then
T − adic NP of Cf,u(s, T ) ≥ ordp(q)P{1,d},u.
Proof. By the last theorem, we see that the T -adic Newton polygon of
Cf,u(s, T ) is the convex closure of the points
(n,
1
b
ordT (Cabn)), n = 0, 1, · · · .
The theorem now follows from Theorem 3.4. 
Theorem 5.5. Let A(s, T ) be a T -adic entrie series in s with unitary con-
stant term. If 0 6= |t|p < 1, then
t− adic NP of A(s, t) ≥ T − adic NP of A(s, T ),
where NP is the short for Newton polygon. Moreover, the equality holds for
one t if and only if it holds for all t.
Proof. The reader may refer [10] and we omit the proof here. 
Theorem 5.6. Let f(x) = (xd, 0, 0, · · · ) + (λx, 0, 0, · · · ), p > 2(d− 1)2 + 1.
If the equality
πm − adic NP of Cf,u(s, πm) = ordp(q)P{1,d},u
holds for one m ≥ 1, then it holds for all m ≥ 1, and we have
T − adic NP of Cf,u(s, T ) = ordp(q)P{1,d},u.
Proof. It follows from Lemma 5.4 and the last theorem. 
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Theorem 5.7. Let f(x) = (xd, 0, 0, · · · ) + (λx, 0, 0, · · · ), p > 2(d− 1)2 + 1.
Then
πm − adic NP of Cf,u(s, πm) = ordp(q)P{1,d},u
if and only if
πm − adic NP of Lf,u(s, πm) = ordp(q)P{1,d},u on [0, p
m−1d].
Proof. Assume that Lf,u(s, πm) =
pm−1d∏
i=1
(1− βis). Then
Cf,u(s, πm) =
∞∏
j=0
Lf,u(q
js, πm) =
∞∏
j=0
pm−1d∏
i=1
(1− βiq
js).
Therefore the slopes of the q-adic Newton polygon of Cf,u(s, πm) are the
numbers
j + ordq(βi), 1 ≤ i ≤ p
m−1Vol(△), j = 0, 1, · · · .
Since
w(n +mm−1d) = pm − pm−1 + w(n),
then the slopes of P{1,d},u are the numbers
j(pm − pm−1) + w(i), 1 ≤ i ≤ pm−1d, j = 0, 1, · · · .
It follows that
πm − adic NP of Cf,u(s, πm) = ordp(q)P{1,d},u
if and only if
πm − adic NP of Lf,u(s, πm) = ordp(q)P{1,d},u on [0, p
m−1d].

We now prove Theorems 1.8, 1.9 and 1.10. By the above theorems, it
suffices to prove the following.
Theorem 5.8. Let f(x) = (xd, 0, 0, · · · ) + (λx, 0, 0, · · · ), p > 2(d− 1)2 + 1.
Then
π1 − adic NP of Lf,u(s, π1) = ordp(q)P{1,d},u on [0, d]
if and only if H((ai)0≤i≤d) 6= 0.
Proof. By a result of Liu [7], the q-adic Newton polygon of Lf,u(s, π1) co-
incides with H∞[0,d],u at the point d. By Theorem 1.7, P{1,d},u coincide with
(p− 1)H∞[0,d],u at the point d, It follows that the π1-adic Newton polygon of
Lf,u(s, π1) coincides with ordp(q)p△ at the point d. Therefore it suffices to
show that
π1 − adic NP of Lf,u(s, π1) = ordp(q)P{1,d},u on [0, d− 1]
if and only if H((au)u∈△) 6= 0.
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From the identity
Cf,u(s, π1) =
∞∏
j=0
Lf,u(q
js, π1),
and the fact the q-adic orders of the reciprocal roots of Lf,u(s, π1) are no
greater than 1, we infer that
π1 − adic NP of Lf,u(s, π1) = π1 − adic NP of Cf,u(s, π1) on [0, d− 1].
Therefore it suffices to show that
π1 − adic NP of Cf,u(s, π1) = ordp(q)P{1,d},u on [0, d − 1]
if and only if H((ai)0≤i≤d) 6= 0. The theorem now follows from the T -adic
Dwork trace formula and Theorems 4.5. 
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